On Properties of Generalized Bi-r-Ideals of 
^ ■ P-Semirings^] 

^ ! Teerayut Chomchuen and Aiyared Iamparo 

O 

Q 



< 



Department of Mathematics, School of Science 
University of Phayao, Phayao 56000, Thailand 

Abstract 

The notion of T-semirings was introduced by Murali Krishna Rao [10J as a 
generalization of the notion of T-rings as well as of semirings. We have known 
that the notion of T-semirings is a generalization of the notion of semirings. In 
^ c"| this paper, extending Kaushik, Moin and Khan's work [7], we generalize the 

, notion of generalized biT-ideals of T-semirings and investigate some related 

properties of generalized biT-ideals. 
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cn '• 1 Introduction and Preliminaries 

(N . 

The notion of T-semirings was introduced and studied in 1995 by Murali Krishna 
Rao JO] as a generalization of the notion of T-rings as well as of semiring, and 
the notion of generalized bi- ideals was first introduced for rings in 1970 by Szasz 
[T2| [13] and then for semigroups by Lajos [8]. Many types of ideals on the alge- 
^ \ braic structures were characterized by several authors such as: In 2000, Dutta and 

Sardar [3J studied the characterization of semiprime ideals and irreducible ideals of 
T-semirings. In 2004, Sardar and Dasgupta [11] introduced the notions of primitive 
T-semirings and primitive ideals of T-semirings. In 2008, Kaushik, Moin and Khan 
[7] introduced and studied bi-r-ideals in T-semirings, Pianskool, Sangwirotjanapat 
and Tipyota [9] introduced and studied valuation T-semirings and valuation T-ideals 
of a T-semiring, and Chinram [1] gave some properties of quasi-ideals in T-semirings. 
In 2009, Jagatap and Pawar [6] introduced the concept of minimal quasi-ideal in T- 
semirings. Some properties of minimal quasi-ideals in T-semirings are provided. In 
2010, Ghosh and Samanta [5] studied the relation between the fuzzy left (respec- 
tively, right) ideals of T-semirings and that of operator semiring. In 2011, Dutta, 
Sardar and Goswami [3] introduced different types of operations on fuzzy ideals 
of T-semirings and proved subsequently that these operations give rise to different 
structures such as complete lattice, modular lattice on some restricted class of fuzzy 
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ideals of T-semirings. In 2012, Bekta§, Bayrak and Ersoy [2] introduced and studied 
the characterization of soft T-semirings and soft sub-r-semiring. 

The concept of ideals for many types of T-semirings is the really interested and 
important thing in T-semirings. Therefore, we will introduce and study generalized 
bi-r-ideals of T-semirings in the same way as of bi-r-ideals of T-semirings which was 
studied by Kaushik, Moin and Khan [7]. 

To present the main results we first recall the definition of a T-semiring which is 
important here and discuss some elementary definitions that we use later. 

Definition 1.1. |10j Let M and T be two additive commutative semigroups. Then 
M is called a Y -semiring if there exists a mapping • : M x T x M — > M (the 
image -(a, a, b) to be denoted by aab for all a,b,c G M and a, (3 G T) satisfying the 
following conditions: 

(1) aa(b + c) = aab + aac, 

(2) (a + b)ac = aac + bac, 

(3) a(a + (3)b = aab + afib, 

(4) aa{b(3c) = aab((3c) 

for all a, 6, c G M and a, f3 G T. 

Let M be a T-semiring, A and B nonempty subsets of M, and A a nonempty 
subset of T. Then we define 

A + B := {a + b \ a G A and b G B} 

and 

AAB :=| ^2 a i^ibi I n G Z + , a* G A, 6, G B and A,; G A for allij . 

If A = {a}, then we also write {a} + B as a + B, and {a}AB as aAB, and similarly 
if 5 = {6} or A = {A}. 

Example 1.2. [B] Let Q be set of rational numbers. Let (S, +) be the commutative 
semigroup of all 2 x 3 matrices over Q and (T, +) commutative semigroup of all 3 x 2 
matrices over Q. Define WaY usual matrix product of W, a and Y for all W, Y G S 
and for all a G T. Then S is a T-semiring but not a semiring. 

Example 1.3. [6] Let M be the set of natural numbers and T = {1,2,3}. Then 
(M, max) and (T, max) are commutative semigroups. Define the mapping IN x T x 
IN — > IN, by aab = min{a, a, b} for all a, b G IN and a G T. Then IN is a T-semiring. 

Example 1.4. [6] Let Q be set of rational numbers and T = IN the set of natural 
numbers. Then (Q, +) and (M, +) are commutative semigroups. Define the mapping 
Q x r x Q — > Q, by aab usual product of a, a, b; for all a, b G Q and a G T. Then Q 
is a r-semiring. 
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Example 1.5. [2] For consider the additively abelian groups Zs = {0, 1, 2, 3, 4, 5, 6, 7} 
and r = {2, 4, 6}. Let • : x T x — > Zs, (y,a,s) = yas. Then Zs is a r-semiring. 

Definition 1.6. A nonempty subset A of a r-semiring M is called 

(1) a sub-T -semiring of M if (A, +) is a subsemigroup of (M, +) and 076 G A for 
all a, b G A and 7 G T. 

(2) a r -ideal of M if (A, +) is a subsemigroup of (M, +), and x^a G A and a^x G A 
for all a G A, a; G M and 7 G T. 

(3) a quasi-T '-ideal of M if A is a sub-r-semiring of M and ATM n M TA C A. 

(4) a bi-T-ideal of M if A is a sub-r-semiring of M and ArMrA C A. 

(5) a generalized bi-T-ideal of M if AriWTA C A. 
Remark 1.7. Let M be a r-semiring. We have the following: 

(1) Every quasi-r-ideal of M is a bi-r-ideal. 

(2) Every bi-r-ideal of M is a generalized bi-r-ideal. 

Definition 1.8. A r-semiring M is called a GB-simple T -semiring if M is the 
unique generalized bi-r-ideal of M. 

2 Properties of Generalized Bi-r-Ideals 

Before the characterizations of generalized bi-r-ideals of T-semirings for the main 
results, we give some auxiliary results which are necessary in what follows. By 
Lemma ll.7l (2) and [7], we have the following lemma. 

Lemma 2.1. Let M be a V -semiring and a G M. Then aTM and MY a are gener- 
alized bi-T-ideals of M. 

Lemma 2.2. Let M be a T -semiring and {Bi \ i G 1} a nonempty family of gen- 
eralized bi-T-ideals of M with (1 -Bi 7^ 0- Then (] Bi is a generalized bi-T-ideal of 





M. 



Proof. For all i G /, we have 




Thus 





□ 
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Lemma 2.3. Let M be a T -semiring and ^ A C M. Then 

A U ATMTA (2.1) 

is the smallest generalized bi-T -ideal of M containing A. 

Proof. Let B = A U ATMTA. Then AC B. Therefore 

BTMTB = (A U ATMrA)rMr(A U AT-MTA) 
C [A(TMT)(A u ArMrA)] u 

[ATMTA(TMT)(A U ArMTA)] 
C [A(TMr)A U A(TMT) ATMTA] U 

[ArMrA(rMr)A u atmta(tmt)atmta] 

C [ATMTA U ArMTA] U [ATMTA U ArMTA] 

= ^rMr^ 

C A U ArMTA 
= J3. 

Thus £ = AU ATMTA is a generalized bi-r-ideal of M. We shall show that B is the 
smallest generalized bi-r-ideal of M containing A. Let C be a generalized bi-r-ideal 
of M containing A. Then 

ATMTA C CTMrC C C. 

Thus 

B = AU ATMTA C C. 
Hence -B is the smallest generalized bi-r-ideal of M containing A. □ 

By Lemma E31 let (A) be the smallest generalized bi-r-ideal of M containing A. 
Therefore 

(A) = A U ATAfTA (2.2) 

It is also very common to denote the smallest generalized bi-r-ideal of M containing 
{a} as (a). 

Lemma 2.4. Lei T be a sub-T -semiring of a T -semiring M , a £ M and (aTTTa) n 
T 7^ 0. T/ien (aTTTa) (IT is a generalized bi-T -ideal of T . 

Proof. Consider 

(arrra n T)rrr(arrr a n t) c [(arrra)rr n rrr]r(ar7Ta n r) 

c [(arrra)rr n r]r(arrr a n t) 

c [[(arTrarT)r(arrra)] n [rr(arrr a n t)\] 

c [(arrra) n (rrarrra)] n r 

c (arrra) n r. 

Hence (arTra) H T is a generalized bi-T-ideal of T. □ 
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Lemma 2.5. Let M be a T-semiring and a € M. Then aTMTa is a generalized 
bi-T-ideal of M . 

Proof. Consider 

(aTMTa)TMT (aTMTa) = aT(MTaTMTaTM)Ta C aTMTa 
Hence aTMTa is a generalized bi-r-ideal of M. □ 

Proposition 2.6. Let M be a T-semiring and T a sub-T -semiring of M . Then 
every subset of T containing MTT is a sub-T -semiring of M . 

Proof. Let A be a subset of T such that M TT C A. Then 

ATA C MTT C A. 

Hence A is a sub-r-semiring of M. □ 

Proposition 2.7. Lei M &e a T-semiring and T a T-ideal of M. Then every subset 
of T containing MTT U TTM is a T-ideal of M . 

Proof. Let B be a subset of T such that MTT U TTM C £?. Then 

Mrs c Mrr c A/rr u rrM c b 

and 

srM c rrM c rrM u Mrr c b. 

Hence B is a T-ideal of M. □ 

Proposition 2.8. Let M be a T-semiring and T a quasi-T -ideal of M . Then every 
subset of T containing TTM n MTT is a quasi-T -ideal of M . 

Proof. Let C be a subset of T such that rrM n Mrr C C. Then 

ctc c rrM n Mrr c c 

and 

ctm n Mrc c rrM n Mrr c c. 

Hence C is a quasi-T-ideal of M. □ 

Proposition 2.9. Lei M be a T-semiring and T a bi-T-ideal of M . Then every 
subset of T containing TTMTT and all of its images is a bi-T-ideal of M . 

Proof. Let D be a subset of T such that TTMTT C D and DTD C D. Then 

DTMTD C TTMTT C D. 
Hence D is a bi-T-ideal of M. □ 

Proposition 2.10. Let M be a T-semiring and T a generalized bi-T-ideal of M. 
Then every subset ofT containing TTMTT is a generalized bi-T-ideal of M . 

Proof. Let £7 be a subset of T such that TTMTT C E. Then 



6 



T. Chomchuen and A. Iampan 



EYMTE C TYMTT C £. 
Hence £" is a generalized bi-r-ideal of M. □ 

Theorem 2.11. Let M be a Y-semiring. Then the following statements are equiv- 
alent. 

(1) M is a GB-simple Y -semiring. 

(2) aYMYa = M for all aeM. 

(3) (a) = M for all aeM. 

Proof. (1) => (2) Assume that M is a GB-simple T-semiring and a G M. By 
Lemma 12.51 we have ariWTa is a generalized bi-r-ideal of M. Since M is a GB- 
simple T-semiring, we have aYMYa = M. 

(2) => (3) Assume that ariWTa = M for all a £ M and let a G M. Then, by (|23j) . 
we have 

(a) = {a} U oOfTa = {a} U M = M. 

(3) => (1) Assume that (a) = M for all a G M, and let A be a generalized bi-r-ideal 
of M and a £ A. Then (a) C A By assumption, we have 

M = (d) C i C M. 

Thus M = A Therefore M is a GB-simple T-semiring. □ 

Lemma 2.12. Let B be a generalized bi-Y-ideal of a Y -semiring M and T a sub-Y- 
semiring of M . If T is a GB-simple Y -semiring such that T n B ^ 0, then T C B. 

Proof. Assume that T is a GB-simple T-semiring such that T Pi B ^ ® and let 
a G T n £?. By Lemma l2.3[ we have {a} U aTTra is a generalized bi-r-ideal of T. 
Since T is a GB-simple T-semiring, we have {a} U oTTra = T. Thus 

T = {a} U aFTTa CBU BYMYB C5UBCB, 

Hence TC6. □ 

Theorem 2.13. Let M be a Y-semiring, B a generalized bi-Y-ideal of M and ^ 
A C M. T/ien £?r^4 and AT£? are generalized bi-Y-ideals of M . 

Proof. Since B is a generalized bi-r-ideal of M, we have 

(LTy^rAiT^rA) = (BY (AY M)Y B)Y A C (£?rMr£?)ryi C BrA 

and 

(Ar J B)rA/r(yirB) = Ar(5r(MrA)r.B) c ay(bymyb) c ai\b. 

Therefore £?IM and ^4r£? are generalized bi-r-ideals of M. □ 

Theorem 2.14. Let M be a Y-semiring. Then M = aYMYa for all a G M if and 
only if M is a GB-simple Y-semiring. 
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Proof. Assume that aTMTa = M for all a £ M and let B is a generalized bi-r-ideal 
of M and b £ B. By assumption, we have 

M = bTMTb C BYMYB CBC M. 

Hence M = B, so M is a GB-simple T-semiring. 

Conversely, assume that M is a GB-simple T-semiring and a £ M. By Lemma f2.ll 
and Theorem 12.131 we have aTMTa is a generalized bi-r-ideal of M. Since M is a 
GB-simple T-semiring, we have aTMTa = M. □ 

Theorem 2.15. Let M be a T-semiring and B a bi-T-ideal of M . Then B is a 
minimal generalized bi-T-ideal of M if and only if B is a GB-simple T-semiring. 

Proof. Assume that B is a minimal generalized bi-T-ideal of M. By assumption, B 
is a T-semiring. Let C be a generalized bi-T-ideal of B. Then 

CTBTC C C CB. (2.3) 

Since B is a generalized bi-T-ideal of M and by Theorem I2.13| we have CTBTC 
is a generalized bi-T-ideal of M. Since B is a minimal generalized bi-T-ideal of M, 
we get CTBTC = B. Thus, by (|23]) . we have B = C. Hence B is a GB-simple 
T-semiring. 

Conversely, assume that is a GB-simple T-semiring. Let C be a generalized 
bi-T-ideal of M such that C C B. Then 

CTBTC C CTMTC C C. 

Thus C is a generalized bi-T-ideal of .B. Since B is a GB-simple T-semiring, we have 
B = C. Hence B is a minimal generalized bi-T-ideal of M. □ 

Theorem 2.16. Let M be a T-semiring having a proper generalized bi-T-ideal. Then 
every proper generalized bi-T-ideal of M is minimal if and only if the intersection of 
any two distinct proper generalized bi-T-ideals is empty. 

Proof. Assume that every proper generalized bi-T-ideal of M is minimal and let B\ 
and B2 be two distinct proper generalized bi-T-ideals of M. By assumption, we have 
B\ and B2 are minimal. We shall show that B\C\B2 = 0. Suppose that B\C\B2 7^ 0. 
By Lemma 12.21 we have B\ n B2 is a proper generalized bi-T-ideal of M. Since 
Bi n B 2 C Bi and B x n B 2 C £2, we get Bi D B 2 = B x and B x r\B 2 = B 2 . Thus 
f?i = which is a contradiction. Hence B\ n -B2 = 0. 

Conversely, assume that the intersection of any two distinct proper generalized 
bi-T-ideals is empty. Let B be a proper generalized bi-T-ideal of M and C a gen- 
eralized bi-T-ideals of M such that C C B. Suppose that C 7^ B. Then C is 
a proper generalized bi-T-ideal of M. Since C C B and by assumption, we have 
C = C T\ B = % which is a contradiction. Therefore C = B, so B is minimal. □ 
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